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Abstract
In this paper, we first prove that for any strong divisibility sequences a = (an)n≥1, we
have the identity: lcm
{(n
0
)
a
,
(n
1
)
a
, . . . ,
(n
n
)
a
}
= lcm(a1,...,an,an+1)an+1 (∀n ≥ 1), generalizing the
identity of Farhi (obtained in 2009 for an = n). Then, we derive from this one some other
interesting identities. Finally, we apply those identities to estimate the least common
multiple of the consecutive terms of some Lucas sequences. Denoting by (Fn)n the usual
Fibonacci sequence, we prove for example that for all n ≥ 1, we have
Φ
n2
4
− 9
4 ≤ lcm (F1, . . . , Fn) ≤ Φ
n2
3
+ 4n
3 ,
where Φ denotes the golden ratio.
MSC 2010: Primary 11A05, 11B83, 11B39; Secondary 11B65.
Keywords: Strong divisibility sequences, least common multiple, Lucas sequences, Fibonacci
sequence.
1 Introduction and Notation
Throughout this paper, we let N∗ denote the set N \ {0} of positive integers. We denote
by ⌊.⌋ the integer-part function. If a1, a2, . . . , an (n ≥ 1) are integers not all zero, we let
gcd (a1, . . . , an) and lcm (a1, . . . , an) respectively denote the greatest common positive divisor
and the least common positive multiple of a1, . . . , an. A sequence of positive integers (an)n≥1
is simply denoted by a. Let a be a such sequence. For n ∈ N, we let [n]a! denote the positive
integer
[n]a! := a1a2 · · ·an
1
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(with the convention [0]a! = 1). For n, k ∈ N, with n ≥ k, we let
(
n
k
)
a
denote the positive
rational number (
n
k
)
a
:=
anan−1 · · · an−k+1
a1a2 · · · ak =
[n]a!
[k]a![n− k]a! .
We call those numbers the a-binomial coefficients. The usual binomial coefficients are obtained
by taking an = n (∀n ≥ 1). From the definition, we easily check that the a-binomial coefficients
satisfy the following identities:(
n
k
)
a
=
(
n
n− k
)
a
(∀n, k ∈ N, n ≥ k) , (1.1)
ak
(
n + 1
k
)
a
= an+1
(
n
k − 1
)
a
(∀n, k ∈ N, 1 ≤ k ≤ n+ 1) , (1.2)
(
n
k
)
a
(
k
l
)
a
=
(
n
l
)
a
(
n− l
k − l
)
a
(∀n, k, l ∈ N, l ≤ k ≤ n) . (1.3)
A strong divisibility sequence is a sequence of positive integers a = (an)n≥1 which satisfies for
all n,m ∈ N∗ the property:
gcd (an, am) = agcd(n,m).
The sequence of all positive integers (an = n, ∀n ≥ 1) is obviously a strong divisibility sequence.
An important class of strong divisibility sequences is the Lucas sequences (with some constraints
on their parameters). For P,Q ∈ Z∗, the Lucas sequence U (P,Q) is the sequence of integers
defined by: 
U0 = 0, U1 = 1Un+2 = PUn+1 −QUn (∀n ∈ N) .
If ∆ := P 2−4Q > 0, we denote by α and β the roots of the quadratic equation: X2−PX+Q = 0
such that |α| > |β|. In fact, the sequence U (P,Q) can be expressed in terms of α and β. We
have the following so called Binet’s formula:
Un =
αn − βn
α− β (∀n ∈ N) . (1.4)
It is known that if P and Q are coprime then |U (P,Q)| is a strong divisibility sequence (see e.g.,
[11]). Note that those sequences include the sequence of all natural numbers (take (P,Q) =
(2, 1)) and also the usual Fibonacci sequence (take (P,Q) = (1,−1)). For a reading on the
Lucas sequences, the reader can consult the book of Honsberger [4]. The general structure
of the strong divisibility sequences was the area of interest of several authors at least since
the second half of the 20th century. In 1936, Ward [13] investigated the p-adic valuation of
such sequences and discovered some of their interesting properties. In 1979, Kimberling [5]
obtained an important theorem stating that the general term of a strong divisibility sequence
a = (an)n≥1 can always be made in the form:
an =
∏
d|n
ud (∀n ∈ N∗) (1.5)
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for some sequence of positive integers (un)n≥1. From the Mo¨bius inversion formula, we have
that
un =
∏
d|n
a
µ(nd )
d (∀n ∈ N∗) ,
where µ is the well-known Mo¨bius function. More recently, Bliss et al. [1] rediscovered this
theorem and established another important formula of (un)n≥1 in terms of (an)n≥1. Using the
representation (1.5) of Kimberling, Knuth [7] showed a result including the fact that for any
strong divisibility sequence a, the a-binomial coefficients are all positive integers. He precisely
obtained the following:
Proposition 1 (Knuth [7]). Let (un)n≥1 be a sequence of positive integers and (an)n≥1 be the
sequence (of positive integers) whose the general term is given by:
an =
∏
d|n
ud (∀n ∈ N∗) .
Then, for all n, k ∈ N, with n ≥ k, we have(
n
k
)
a
=
∏
d
ud,
where the product on the right-hand side is taken over all positive integers d ≤ n such that:⌊
k
d
⌋
+
⌊
n− k
d
⌋
<
⌊n
d
⌋
.
In particular, the a-binomial coefficients
(
n
k
)
a
(n, k ∈ N, n ≥ k) are all positive integers.
About the converse of the Kimberling representation (1.5), it is known that not any
sequence a whose general term has the form (1.5) is a strong divisibility sequence. In [1], Bliss
et al. successed to establish the necessary and sufficient condition on a sequence u so that the
sequence a defined by (1.5) be a strong divisibility sequence. This condition is “∀n,m ∈ N∗
such that n ∤ m and m ∤ n: gcd (un, um) = 1”. More recently, Nowicki [10] has expanded the
above condition of Bliss et al. and obtained a practical necessary and sufficient condition for a
sequence of positive integers to be a strong divisibility sequence. This result is the following:
Theorem 2 (Nowicki [10]). Let (an)n≥1 be a sequence of positive integers. For all n ≥ 1, let
cn be the positive integer defined by:
cn :=
lcm (a1, . . . , an)
lcm (a1, . . . , an−1)
(with the convention c1 = a1). Then (an)n is a strong divisibility sequence if and only if we
have for all n ≥ 1:
an =
∏
d|n
cd.
3
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The arithmetic properties of the binomial coefficients was an old and fascinating subject of
study of several authors. For example, Sylvester [12] proved more than one century ago that if n
and k are positive integers such that n ≥ 2k, then the binomial coefficient (n
k
)
contains at least a
prime divisor greater than k. Recently, Farhi [2] proved the remarkable and interesting identity
lcm
{(
n
0
)
,
(
n
1
)
, . . . ,
(
n
n
)}
= lcm(1,2,...,n,n+1)
n+1
(∀n ∈ N). This identity was then generalized by Guo
[3] to q-binomial coefficients. In this paper, we obtain a more general identity dealing with
the strong divisibility sequence from which Farhi’s and Guo’s identities become just particular
cases (see theorem 2.1 and the remarks at the end of the paper). After that, we deduce two
other identities that we will use successfully to obtain nontrivial effective estimations for the
least common multiple of the consecutive terms of some Lucas sequences (see theorem 2.6).
The goodness of our effective estimations is insured by the asymptotic estimations obtained
respectively by Matiyasevich and Guy [8], Kiss and Matyas [6] for the least common multiple
of the same type of sequences.
2 The results and the proofs
Our principal result is the following:
Theorem 2.1. Let a = (an)n≥1 be a strong divisibility sequence. Then, for any non-negative
integer n, we have:
lcm
{(
n
0
)
a
,
(
n
1
)
a
, . . . ,
(
n
n
)
a
}
=
lcm (a1, a2, . . . , an, an+1)
an+1
. (2.1)
To prove this theorem, we need the following lemma of Guo [3]:
Lemma 2.2 (Guo [3]). Let n and d be two positive integers with n ≥ d. Then, the two following
properties are equivalent:
1. There exists k ∈ {0, 1, . . . , n} such that: ⌊k
d
⌋
+
⌊
n−k
d
⌋
<
⌊
n
d
⌋
.
2. The positive integer d does not divide (n+ 1).
Proof of Theorem 2.1. Let n ∈ N be fixed. For n = 0, the identity of the theorem is trivial.
Suppose for the sequel that n ≥ 1. Let An and Bn respectively denote the left-hand side and
the right-hand side of (2.1). So, we have to show that An = Bn. To do so, we first show that
An divides Bn and then that Bn divides An. Since a is a strong divisibility sequence then,
according to Theorem 2, we have for any m ≥ 1:
am =
∏
d|m
ud,
where (ud)d≥1 is the sequence of positive integers defined by:
u1 := a1 and ud :=
lcm (a1, . . . , ad)
lcm (a1, . . . , ad−1)
(∀d ≥ 2) .
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From this definition of (ud)d, it is immediate that:
lcm (a1, . . . , am) =
m∏
d=1
ud (∀m ≥ 1) .
Now, for any k ∈ {0, 1, . . . , n}, the ud’s appearing in the product
(
n
k
)
a
=
∏
d ud of Proposition
1 correspond (according to Lemma 2.2) to indices d such that 1 ≤ d ≤ n and d ∤ (n + 1). This
implies that the product:
∏
1≤d≤n
d∤(n+1)
ud =
∏
1≤d≤n+1
ud
∏
d|(n+1)
ud
=
lcm (a1, . . . , an, an+1)
an+1
= Bn
is a multiple of each
(
n
k
)
a
(0 ≤ k ≤ n). Thus Bn is a multiple of lcm
{(
n
0
)
a
,
(
n
1
)
a
, . . . ,
(
n
n
)
a
}
= An;
that is An | Bn.
Next, it is immediate that lcm (a1, . . . , an+1) divides lcm
{
a1
(
n+1
1
)
a
, a2
(
n+1
2
)
a
, . . . , an+1
(
n+1
n+1
)
a
}
,
which is (according to (1.2)) equal to
lcm
{
an+1
(
n
0
)
a
, an+1
(
n
1
)
a
, . . . , an+1
(
n
n
)
a
}
= an+1lcm
{(
n
0
)
a
,
(
n
1
)
a
, . . . ,
(
n
n
)
a
}
= an+1An.
Hence lcm(a1,...,an,an+1)
an+1
= Bn divides An. This completes the proof.
Remark: The particular case of the identity of Theorem 2.1 corresponding to the sequence of
all positive integers (that is an = n, ∀n ≥ 1) is the main result of the paper [2] of Farhi.
From Theorem 2.1, we derive two important corollaries:
Corollary 2.3. Let a = (an)n≥1 be a strong divisibility sequence. Then, for any positive integer
n, we have:
lcm (a1, a2, . . . , an) = lcm
{
a1
(
n
1
)
a
, . . . , an
(
n
n
)
a
}
.
Proof. For any positive integer n, we have according to Formula (1.2):
lcm
{
a1
(
n
1
)
a
, . . . , an
(
n
n
)
a
}
= lcm
{
an
(
n− 1
0
)
a
, an
(
n− 1
1
)
a
, . . . , an
(
n− 1
n− 1
)
a
}
= anlcm
{(
n− 1
0
)
a
,
(
n− 1
1
)
a
, . . . ,
(
n− 1
n− 1
)
a
}
= lcm (a1, . . . , an) (by Theorem 2.1),
as required.
Remark: The particular case of the identity of Corollary 2.3 corresponding to the sequence of
all positive integers (that is an = n, ∀n ≥ 1) is already obtained by Nair in [9].
Corollary 2.4. Let a = (an)n≥1 be a strong divisibility sequence. Then, for any positive integer
n, we have:
lcm (a1, a2, . . . , an) = gcd
{(
n
k
)
a
lcm (a1, . . . , ak) ; n/2 ≤ k ≤ n
}
.
5
2 THE RESULTS AND THE PROOFS
To give a more proper proof of Corollary 2.4, we shall first prove the following elementary
lemma:
Lemma 2.5. Let n and m be two positive integers. Let also a1, . . . , an, b1, . . . , bm be positive
integers. Then the property saying that ai divides bj for all 1 ≤ i ≤ n, 1 ≤ j ≤ m is equivalent
to the property saying that lcm (a1, . . . , an) divides gcd (b1, . . . , bm).
Proof. The property “ai | bj , ∀i = 1, . . . , n, ∀j = 1, . . . , m” is equivalent to say that
“ai | gcd (b1, . . . , bm), ∀i = 1, . . . , n”; that is “gcd (b1, . . . , bm) is a multiple of each ai
(1 ≤ i ≤ n)”, which is equivalent to say that “gcd (b1, . . . , bm) is a multiple of lcm (a1, . . . , an)”,
as required.
Proof of Corollary 2.4. Let n be a fixed positive integer. For k, l ∈ N such that n/2 ≤ k ≤ n
and 1 ≤ l ≤ k, the positive integer al
(
n
l
)
a
obviously divides the positive integer al
(
n
l
)
a
(
n−l
k−l
)
a
,
which is (according to Formula (1.3)) equal to al
(
k
l
)
a
(
n
k
)
a
. Next, the latter positive integer
al
(
k
l
)
a
(
n
k
)
a
obviously divides the positive integer
(
n
k
)
a
lcm
{
ai
(
k
i
)
a
; i = 1, . . . , k
}
, which is (ac-
cording to Corollary 2.3) equal to
(
n
k
)
a
lcm (a1, . . . , ak). Consequently, for all k, l ∈ N such that
n/2 ≤ k ≤ n and 1 ≤ l ≤ k, we have:
al
(
n
l
)
a
divides
(
n
k
)
a
lcm (a1, . . . , ak) . (2.2)
We state that (2.2) holds even if n/2 ≤ k ≤ n and k < l ≤ n. Indeed, if k, l ∈ N such
that n/2 ≤ k ≤ n and k + 1 ≤ l ≤ n, we have that 1 ≤ n − l + 1 ≤ n − k ≤ k and
an−l+1
(
n
n−l+1
)
a
= al
(
n
l
)
a
. So, the application of (2.2) for l′ = n− l+ 1 instead of l confirms the
announced statement. Now, by applying Lemma 2.5 for all the divisibility relations given by
(2.2) when 1 ≤ l ≤ n and n/2 ≤ k ≤ n, we derive that
lcm
{
al
(
n
l
)
a
; l = 1, . . . , n
}
divides gcd
{(
n
k
)
a
lcm (a1, . . . , ak) ; n/2 ≤ k ≤ n
}
;
that is (according to Corollary 2.3):
lcm (a1, . . . , an) divides gcd
{(
n
k
)
a
lcm (a1, . . . , ak) ; n/2 ≤ k ≤ n
}
.
The identity of Corollary 2.4 follows by observing that
lcm (a1, . . . , an) =
(
n
n
)
a
lcm (a1, . . . , an) ∈
{(
n
k
)
a
lcm (a1, . . . , ak) ; n/2 ≤ k ≤ n
}
.
The proof of Corollary 2.4 is complete.
Now, from Corollaries 2.3 and 2.4, we derive significative and nontrivial effective esti-
mations for the least common multiple of the first consecutive terms of some type of Lucas
sequences. We have the following:
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Theorem 2.6. Let P and Q be two coprime non-zero integers such that ∆ := P 2 − 4Q > 0
and let U (P,Q) be the associated Lucas sequence. Then, for any positive integer n, we have:
|α|n
2
4
−n
2
−1 ≤ lcm (U1, U2, . . . , Un) ≤ |α|
n2
3
+ 7n
3
− 8
3 , (2.3)
where α is the largest root in absolute value of the quadratic equation X2 − PX +Q = 0.
To prove this theorem, we need the following lemma:
Lemma 2.7. In the same situation with Theorem 2.6, we have for any positive integer n:
|α|n−2 ≤ |Un| ≤ |α|n .
Proof. Let β denote the second root of the quadratic equation X2 −PX +Q = 0; so |β| < |α|.
We have that |α| − |β| ∈ {α− β, β − α, α+ β,−α− β}. But since α − β = ±√∆, α + β = P
and |α| − |β| > 0, it follows that |α| − |β| ∈
{
|P | ,√∆
}
. Then, since P ∈ Z∗ and ∆ ∈ Z∗+, we
deduce that:
|α| − |β| ≥ 1. (2.4)
Using Formula (1.4) and (2.4), we have for any positive integer n:
|Un| =
∣∣∣∣αn − βnα− β
∣∣∣∣ =
∣∣∣∣∣βn−1
n−1∑
k=0
(
α
β
)k∣∣∣∣∣
≤ |β|n−1
n−1∑
k=0
∣∣∣∣αβ
∣∣∣∣
k
=
|α|n − |β|n
|α| − |β|
≤ |α|n − |β|n ≤ |α|n.
On the other hand, we have for any integer n ≥ 2:
|Un| =
∣∣∣∣αn − βnα− β
∣∣∣∣ = |αn − βn||α− β| ≥ ||α
n| − |βn||
|α− β| =
|α|n − |β|n
|α− β|
=
(|α| − |β|) (|α|n−1 + |α|n−2 · |β|+ · · ·+ |α| · |β|n−2 + |β|n−1)
|α− β|
≥ (|α| − |β|) (|α|
n−1 + |α|n−2 · |β|)
|α− β|
= |α + β| · |α|n−2
= |P | · |α|n−2 ≥ |α|n−2.
By remarking that |Un| ≥ |α|n−2 is also valid for n = 1 (since U1 = 1 and |α| ≥ |α| − |β| ≥ 1),
we conclude that for any positive integer n, we have:
|α|n−2 ≤ |Un| ≤ |α|n,
as required. The lemma is proved.
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Proof of Theorem 2.6. Let β denote the second root of the quadratic equationX2−PX+Q = 0;
so |β| < |α|. By applying the estimation of Lemma 2.7 for n ≥ 2 and just replace U1 by 1, we
immediately deduce that for all positive integers n and k such that n ≥ k, we have:
|α|k(n−k−2)+1 ≤
∣∣∣∣
(
n
k
)
U
∣∣∣∣ ≤ |α|k(n−k+2)−1 . (2.5)
First, let us show the left inequality of (2.3). For n = 1, this inequality is trivial. Next, by
using successively Corollary 2.3, Lemma 2.7 and then (2.5), we have for any integer n ≥ 2:
lcm (U1, U2, . . . , Un) = lcm
{
U1
(
n
1
)
U
, U2
(
n
2
)
U
, . . . , Un
(
n
n
)
U
}
≥ max
1≤k≤n
{
|Uk| ·
(
n
k
)
U
}
≥ max
1≤k≤n
|α|k(n−k−1)−1
≥ |α|⌊n2 ⌋(n−⌊n2 ⌋−1)−1
= |α|n2/4−n/2−1+(n/2−⌊n/2⌋)−(n/2−⌊n/2⌋)2
≥ |α|n2/4−n/2−1 (since n/2− ⌊n/2⌋ ∈ [0, 1[),
as required. The left inequality of (2.3) is proved. Now, let us prove the right inequality of
(2.3); that is lcm (U1, U2, . . . , Un) ≤ |α|
n2
3
+ 7n
3
− 8
3 (∀n ≥ 1). To do so, we argue by induction on
n. For n ∈ {1, 2, 3}, we have:
lcm(U1, U2, . . . , Un) = lcm(U2, . . . , Un) (since U1 = 1)
≤ |U2U3 · · ·Un|
≤ |α|2+3+···+n (according to Lemma 2.7)
= |α|n
2+n−2
2 ,
which is stronger than what it is required. For m ≥ 2, suppose that the right inequality of
(2.3) holds for any positive integer n < 2m and let us show that it also holds for n = 2m and
for n = 2m + 1. By using successively Corollary 2.4, the induction hypothesis and (2.5), we
have:
lcm (U1, U2, . . . , U2m) ≤ lcm (U1, U2, . . . , Um) ·
∣∣∣∣
(
2m
m
)
U
∣∣∣∣
≤ |α|m
2
3
+ 7m
3
− 8
3 · |α|m2+2m−1
= |α| 4m
2
3
+ 13m
3
− 11
3
≤ |α| (2m)
2
3
+
7(2m)
3
− 8
3 ,
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as required. Similarly, we have:
lcm (U1, U2, . . . , U2m+1) ≤ lcm (U1, U2, . . . , Um+1) ·
∣∣∣∣
(
2m+ 1
m+ 1
)
U
∣∣∣∣
= lcm (U1, U2, . . . , Um+1) ·
∣∣∣∣
(
2m+ 1
m
)
U
∣∣∣∣
≤ |α| (m+1)
2
3
+
7(m+1)
3
− 8
3 · |α|m2+3m−1
= |α| 4m
2
3
+6m−1
≤ |α| 4m
2
3
+6m = |α| (2m+1)
2
3
+
7(2m+1)
3
− 8
3 ,
as required. This achieves this induction and confirms that the right inequality of (2.3) is valid
for any n ≥ 1. The proof of the theorem is complete.
Remarks:
1. In the situation of Theorem 2.6, if the integers P and Q have some particular signs then
the double inequality of Lemma 2.7 can be slightly improved. For example, if Q > 0, we
have that:
|α|n−1 ≤ |Un| ≤ |α|n (∀n ≥ 1).
Also, if P > 0 and Q < 0, we have that:
|α|n−2 ≤ |Un| ≤ |α|n−1 (∀n ≥ 1).
So, in these cases, by repeating the proof of Theorem 2.6 and using those new inequalities
(instead of those of Lemma 2.7), we slightly improve the result of Theorem 2.6. Doing so
for the usual Fibonacci sequence (which corresponds to P = 1 > 0 and Q = −1 < 0), we
obtain that for any positive integer n, we have:
Φ
n2
4
− 9
4 ≤ lcm (F1, F2, . . . , Fn) ≤ Φn
2
3
+ 4n
3 , (2.6)
where Φ denotes the golden ratio (Φ := 1+
√
5
2
). The goodness of Estimation (2.6) can be
appreciated from the famous result of Matiyasevich and Guy [8] stating that:
lim
n−→+∞
log lcm (F1, F2, . . . , Fn)
n2 log Φ
=
3
pi2
.
This last result implies that if λ1, µ1, η1, λ2, µ2, η2 ∈ R satisfy:
Φλ1n
2+µ1n+η1 ≤ lcm (F1, F2, . . . , Fn) ≤ Φλ2n2+µ2n+η2 (∀n ≥ 1)
then we have necessary λ1 ≤ 3pi2 and λ2 ≥ 3pi2 . Since (2.6) corresponds to λ1 = 14 = 0.25
and λ2 =
1
3
= 0.33 . . . and since 3
pi2
= 0.303 . . . , we see that (2.6) is good enough.
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2. The results of Theorem 2.1 and corollaries 2.3 and 2.4 can be easily generalized to any
other unique factorization domain A instead of Z (we refer the reader to the article of
Bliss et al. [1] for the general definition and properties of strong divisibility sequences in
a unique factorization domain). If we take for example A = Z[q] and a = (an)n≥1 the
sequence of polynomials of Z[q] defined by an = [n]q :=
qn−1
q−1 , we obtain Guo’s identity
[3]:
lcm
{(
n
0
)
q
,
(
n
1
)
q
, . . . ,
(
n
n
)
q
}
=
lcm ([1]q, [2]q, . . . , [n+ 1]q)
[n + 1]q
(∀n ≥ 1) ,
where [k]q and
(
n
k
)
q
(0 ≤ k ≤ n) are the standard notations in q-calculus; that is [k]q :=
qk−1
q−1 and
(
n
k
)
q
:= [n]q[n−1]q···[n−k+1]q
[1]q[2]q···[k]q .
3. An alternative proof of Theorem 2.1 can be provided by investigating the p-adic valuation
of the a-nomial coefficients and using the generalized Legendre’s formula given by Ward
[13].
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